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FOREWORD 


The  method  of  mathematical  induction,  which  is  the  subject 
of  this  book,  is  widely  applicable  in  all  departments  of 
mathematics,  from  the  elementary  school  course  up  to 
branches  of  higher  mathematics  only  lately  investigated.  It 
is  clear,  therefore,  that  even  a  school  course  of  mathematics 
cannot  be  studied  seriously  without  mastering  this  method. 
Ideas  of  mathematical  induction,  moreover,  have  a  wide  gene¬ 
ral  significance  and  acquaintance  with  them  also  has  an 
importance  for  those  whose  interests  are  far  removed  from 
mathematics  and  its  applications. 

The  essentials  of  the  method  and  some  simple  examples  of 
its  use  are  given  in  Chapter  I  and  in  the  first  section  of 
Chapter  II.  To  study  these  it  is  sufficient  for  the  reader 
to  be  familiar  with  the  course  of  mathematics  in  the  seven 
year  school  period.  The  remaining  sections  of  this  book  are 
fully  accessible  to  the  reader  who  has  mastered  the  mathema¬ 
tics  course  of  a  full  secondary  school. 

This  book  is  meant  for  pupils  in  the  higher  forms  of 
secondary  schools,  first  year  students  in  universities, 
teacher  training  colleges  and  technical  colleges.  It  would 
also  be  useful  for  discussion  in  a  school  mathematical 
society. 
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INTRODUCTION 


Propositions  can  be  divided  into  general  and  particular. 

The  following  are  examples  of  general  propositions: 

All  citizens  of  the  U.S.S.R.  have  the  right  to  education. 

In  every  parallellogram  the  diagonals  are  bisected  at  their 
point  of  intersection. 

All  numbers  ending  with  a  zero  are  divisible  by  5* 

The  corresponding  examples  of  particular  propositions  are  as 
follows: 

Petrov  has  the  right  to  education. 

In  the  parallellogram  ABCD  the  diagonals  are  bisected  at 
their  point  of  intersection. 

140  is  divisible  by  5. 

The  transition  from  general  propositions  to  particular 
ones  is  called  deduction.  Let  us  consider  an  example: 

(1)  All  citizens  of  the  U.S.S.R.  have  the  right  to  educa¬ 
tion. 

(2)  Petrov  is  a  Soviet  citizen. 

(3)  Petrov  has  the  right  to  education. 

We  obtain  the  particular  proposition  (3)  from  the  general 
proposition  (l),  with  the  help  of  the  proposition  (2). 

Progressing  from  particular  propositions  to  general  ones 
is  called  induction.  Induction  can  lead  to  correct  as  well 
as  to  incorrect  conclusions.  We  shall  make  that  clear  by 
means  of  two  examples: 

(1)  140  is  divisible  by  5» 
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(2)  All  numbers  ending  in  zero  are  divisible  by  r)# 

Prom  the  particular  proposition  (l)  we  obtained  the  general 
proposition  (2)  and  this  proposition  is  correct.  On  the 
other  hand: 

(1)  140  is  divisible  by  5. 

(2)  All  three  figure  numbers  are  divisible  by  5. 

Prom  the  particular  proposition  (l)  we  obtained  the  general 
proposition  (2)  and  this  proposition  is  wrong. 

The  question  which  then  arises  is  how  can  we  use  induction 
in  mathematics  so  as  to  obtain  only  correct  conclusions? 

The  answer  to  this  question  is  given  in  this  book. 
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THE  METHOD  OF  MATHEMATICAL  INDUCTION 
1 

First  of  all  we  examine  two  examples  of  induction  which 
are  inadmissible  in  mathematics. 

Example  1.  Let 

5»=r7  +  F3+3TT +  +  n(/i+l)  • 

It  is  easy  to  verify  that* 

c  __  1  __  1 

“7T2--2’ 

o  =  1  ,  1  2 

*-*2  | . 2  i"  2 . 3  ==  y  * 

c  1  |  1  i  1  3 

63  ““  JT2  +  273  +  3T4  “  T’ 

c  _  1  I  1  |  |  I  1 _ 4 

^4  —  772  •  2T3  ITT  “T  475  =  5-* 

On  the  basis  of  the  above  results  we  state,  that  for  every 
natural  n 

C  W 

n  n+1  # 


Example  2.  Let  us  examine  the  quadratic  expression 
x«  +  *+41  ,  first  considered  by  the  well  known  mathematician 
Leonard  Euler, one  of  the  first  of  the  St .  Petersburg  Acade¬ 
micians  •  If  we  substitute  zero  for  x  in  this  expression, 
we  obtain  the  prime  number  41*  Again,  if  we  substitute  1 
for  x  in  the  expression,  we  obtain  43* which  again  is  a 
prime  number.  Continuing  to  substitute  successively  the 
values  2,  3,  4,  5,  6,  7,  8,  9*  10  for  x  in  the  expression 
we  obtain  each  time  a  prime  number:  47,  53*  6l,  71*  83,  97* 

113,  131*  151. 
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On  the  basis  of  results  obtained  we  state  that  the  substi¬ 
tution  of  any  positive  integer  for  x  in  the  above  quadratic 
always  results  in  a  prime  number. 

Why  is  the  reasoning  used  in  these  examples  not  acceptable 
in  mathematics?  Where  is  the  flaw  in  our  conclusions? 

The  trouble  is  that  in  both  cases  we  made  a  general  state¬ 
ment  concerning  any  n  (in  the  second  example,  any  x)  solely 
on  the  grounds  that  this  proposition  turned  out  to  be  true 
for  some  values  of  n  (or  x  ) . 

Induction  is  widely  used  in  mathematics,  but  one  must  use 
it  with  skill.  Any  use  of  induction  which  is  not  careful 
might  lead  to  false  conclusions. 

Thus,  although  in  Example  1  our  general  proposition  does 
in  fact  turn  out  to  be  true  (as  is  proved  below  in  Example 
5),  the  general  proposition  stated  in  Example  2  turns  out  to 
be  false. 

Indeed,  when  the  quadratic  xa*4-x-J-41  is  studied  more 
closely,  it  is  seen  that  it  is  equal  to  a  prime  number  for 
x  =  0,  1,  2,  ...,  39,  "but  for  x  —  40  i t  equals  41  »  that  is, 
it  is  a  composite  number. 


2 

In  Example  2  we  encountered  a  proposition  valid  in  40  par¬ 
ticular  cases,  but  still  wrong  in  general. 

We  shall  give  two  further  examples  of  propositions  which 
are  true  in  several  particular  cases  and  false  in  general. 

Example  3*  The  binomial  xn — 1  ,  where  n  is  a 
positive  integer, is  of  great  interest  to  mathematicians.  It 
is  sufficient  to  say  that  it  is  closely  connected  with  a 
geometrical  problem  about  dividing  a  circumference  into  n 
equal  parts. 

It  is  not  surprising,  therefore,  that  this  expression  is 
studied  extensively  in  mathematics.  In  particular,  the  pro¬ 
blem  of  factorizing  this  expression  into  factors  with  inte¬ 
gral  coefficients  is  of  great  interest. 

When  the  factors  x n —  1  were  written  out  for  numerous 
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particular  values  of  n  ,  it  was  observed  that  none  of  the 
coefficients  was  numerically  larger  than  unity.  In  fact 


1 

—  1 
*8 —  1 
x4— 1 
j^—l 
**--1 


—  1. 

=(*-i)c*+i), 

=(*-i)(*»+*+i), 

—  (•*  —  !)(■*+ 

-  (*-!)(*+ l)(*9+*  + 1)  (•*»-*+ 1), 


Tables  were  compiled  within  which  all  coefficient  pos¬ 
sessed  this  property.  Attempts  to  prove  the  property  for 
every  n  failed. 

In  1938 9  in  a  note  in  the  journal  Uspekhi  matematicheskikh 
nauk  (! Successes  of  Mathematical  Sciences')  the  Soviet  mathe- 
matician,  N.G.  Chebotarev,  challenged  mathematicians  to 
settle  this  question. 

The  solution  was  given  by  V.  Ivanov*.  It  turned  out  that 
the  above  property  is  possessed  by  all  polynomials  of  the 
type  x19 — 1  ,  whose  degree  n  is  less  than  IO5.  One  of  the 
factors  of  xx0* — 1  ,  however,  is  the  polynomial 

JC48— J— JC47— A^8  —  X 48 X4* 2X41  —  X40  —  X*>+X**  + 

J^x*t-\-^+xw+x*2+x*l—x,*--x™---x**--x*i  __ 

—  Jp+Xv+X»+X»+Xu+Xi>  -|-  xx*  —  x9  —  xP  — — 

—  2*7  —  x«  —  x*+x*  +  x  +  l. 


which  no  longer  possesses  this  property. 

Example  4*  Into  how  many  parts  is  space  divided  by 
n  planes  all  passing  through  one  point,  if  no  three  of  them 
pass  through  the  same  straight  line? 

Let  us  examine  the  simplest  cases  of  this  problem.  One 
plane  divides  space  into  2  parts.  Two  planes  passing  through 
one  point  divide  space  into  4  parts.  Three  planes  passing 
through  one  point,  but  not  passing  through  one  straight  line, 
divide  space  into  8  parts. 

At  first  sight  it  may  seem  that  when  the  number  of  planes 
is  increased  by  1,  the  number  of  parts  into  which  space  is 
divided  is  doubled  and,  thus,  4  planes  will  divide  space 


*V.  IVANOV f  Usd,  mat,  nauk.  4.  513-317  (l94l) 
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into  1 6  parts,  five  planes  into  parts,  etc.  In  general  n 
planes  would  split  up  space  into  2n  parts. 

In  reality  this  does  not  occurs  4  planes  split  space  up 
into  14  parts  and  5  planes  into  22  parts. 

In  general,  n  planes  split  space  up  into  n(n  — 1)  +  2  parts 

Prom  the  examples  discussed  above  we  draw  a  simple  but 
important  conclusions 

A  proposition  can  be  correct  for  a  great  number  of  parti¬ 
cular  cases  and  at  the  same  time  may  be  false  in  general. 


3 

Now,  the  following  question  arises.  We  have  a  proposition 
justified  in  several  particular  cases.  It  is  impossible  to 
consider  all  particular  cases.  How  are  we  to  know  whether 
the  proposition  is  correct  in  general? 

It  is  sometimes  possible  to  answer  this  question  by  apply¬ 
ing  a  special  method  of  reasoning,  called  *the  method  of 
mathematical  induction*  (full  induction,  complete  induction) 

At  the  basis  of  this  method  lies  the  * principle*  of  mathe¬ 
matical  induction,  which  may  be  stated  in  the  following  ways 

A  proposition  is  true  for  every  positive  integer  n  if: 

(1)  it  is  true  for  /j=1  ,  and 

(2)  it  follows  from  the  truth  of  the  proposition  for  any 
positive  integer  n  =  k  that  the  proposition  is  also  true 
for  n  =  k-\-\  . 

To  prove  this  principle  let  us  suppose  the  opposite,  i.e. 
let  us  suppose  that  the  proposition  is  not  true  for  every 
positive  integer  n  .  Then  there  exists  a  natural  m  ,  such 
that 

(1)  the  proposition  is  not  true  for /*  =  /*, 

(2)  for  any  n  smaller  than  m  the  proposition  is  true  (in 
other  words,  m  is  the  first  integer  number  for  which  the 
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proposition  is  false) . 

Obviously,  m>  1  ,  since  for  n  —  1  the  proposition  is  true 
(condition  l).  It  follows  that  m —  1  is  a  positive  integer. 
We  therefore  have  the  situation,  that  the  proposition  is  true 
for  the  positive  integer  tn — 1  ,  but  is  false  for  the  next 
integer  m.  This  contradicts  condition  (2). 

Note.  While  proving  the  principle  of  mathematical  in¬ 
duction  we  made  use  of  the  fact  that  any  set  of  positive 
integers  contains  a  smallest  number.  It  *is  easily  seen  that 
this  property  in  its  turn  could  be  deduced  as  a  corollary  of 
the  principle  of  mathematical  induction.  Therefore,  the  two 
propositions  are  equivalent.  Either  of  them  can  be  taken  as 
an  axiom  defining  the  natural  series;  the  other  will  then 
be  a  theorem.  It  is  in  fact  usual  to  take  the  principle  of 
induction  as  the  axiom* . 


4 

A  proof  based  on  the  principle  of  induction  is  called  a 
1 proof  by  the  method  of  mathematical  induction*  or  simply, 
a  * proof  by  induction* .  Such  a  proof  must  necessarily  con¬ 
sist  of  proving  two  independent  theorems. 

Theorem  1.  The  proposition  is  true  for  n—\* 

Theorem  2.  The  proposition  is  true  for  n  —  k- {- 1 
if  it  is  true  for  n  =  k  *  where  k  is  any  positive  integer. 

If  both  these  theorems  are  proved,  then,  on  the  basis  of 
the  principle  of  induction  the  proposition  is  true  for  any 

n. 


Example  5*  Find  the  sum 

5»°lT2  +  T?+-sW+-‘-  +/i  (/.  +  !)• 
(Cf.  Example  l). 


*For  instance  the  principle  of  induction  is  the  fifth  axiom 
in  Peano*s  scheme  for  the  natural  numbers  [cf.  E.  Landau, 
*Foundations  of  Analysis*  (Chelsea  Pub.  Co.,  1951),  p.2]  - 
Editor. 
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We  know  that 


Now  we  shall  not  repeat  our  mistake,  made  in  Example  1, 
and  we  shall  not  rush  to  state  that  for  any  natural  n 


We  shall  be  careful  and  we  shall  say,  that  the  examination 
of  St,  S9,  SA  allows  us  to  put  forward  a  hypothesis  that 

Sn  = -JLj.  for  any  positive  integer  n  .  We  know  in  addition 

that  this  hypothesis  is  true  for  /i  =  l,  2,  3,  4  .  To  test  this 
hypothesis  we  shall  use  the  method  of  induction. 

Theorem  1.  The  hypothesis  is  true  for  /i=l,  since 
5,  =  I  and  jJpj  =|  . 

Theorem  2.  Let  us  suppose  that  the  hypothesis 
is  true  for  /t  =  A,  that  is 


=  2T? “I" •  •  •  A(*+i)=*+i’ 

where  k  is  some  positive  integer.  We  shall  prove  that,  in 
that  case,  the  hypothesis  is  bound  to  be  true  also  for  n  = 
*+ 1  *  that  is 


Indeed, 


_*  + 
-A  +  2 


>*+  ie 


1 


<*  +  l)<*  +  2)  ’ 


it  follows,  according  to  the  condition  of  the  theorem,  that 

c  _  k  1 _ ! _ A»  +  2*  +  l  k+\ 

*+l  »+lT(*+l)(*  +  2)  (*+l)(*  +  2)  —A  +  2* 

Both  theorems  are  now  proved.  Now,  on  the  basis  of  the 
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principle  of  induction  we  assert  that 

5  —  n 
«+l 

for  any  positive  integer  n  • 

Note  1.  It  is  imperative  to  stress  that  a  proof  by 
the  method  of  induction  demands  unconditionally  the  proof  of 
both  Theorems  1  and  2.  We  have  seen  already  that  a  careless 
attitude  to  Theorem  2  is  apt  to  lead  to  trouble.  Now  we 
shall  show  that  we  must  not  omit  to  prove  Theorem  1  either. 
Let  us  look  at  an  example  to  illustrate  this  point. 

Example  6.  Any  natural  number  equals  the  following 
natural  number. 


We  shall  attempt  a  proof  of  this  proposition  by  the  method 
of  induction. 

Let  us  suppose  that 


*-*+»•  (i) 

We  prove  that 

k+l=k  +  2.  (2) 

Indeed,  if  we  add  1  to  each  side  of  equation  (l)  we  obtain 
the  equation  (2).  It  emerges  that  if  the  proposition  is 
true  for  «  =  A  ,  then  it  is  also  true  for  n=*k+\  •  The 
theorem  is  thus  proved. 

Corollary.  All  natural  numbers  are  equal. 

Where  then  is  the  mistake?  The  mistake  is,  that  the  first 
theorem,  necessary  in  the  application  of  the  principle  of 
mathematical  induction,  has  not  been  proved  and  is  untrue. 
What  has  been  proved  was  the  second  theorem  only. 

Each  of  Theorems  1  and  2  has  its  own  special  meaning. 
Theorem  1  creates,  so  to  speak,  the  basis  for  the  carrying 
out  of  induction.  Theorem  2  gives  U3  the  right  to  unlimited 
automatic  broadening  of  that  basis,  the  right  of  transition 
from  the  given  particular  case  to  the  following  one,  from 
n  to  /i+  1  . 
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If  Theorem  1  is  not  proved,  and  Theorem  2  is  (as  in  Example 
6),  then  a  basis  for  carrying  out  induction  has  not  been 
created  and  then  it  is  absurd  to  apply  Theorem  2  as  there  is 
nothing  to  broaden. 

If  Theorem  2  is  not  proved,  and  Theorem  1  is  (as  in  Examples 
1  and  2),  then,  although  the  basis  for  carrying  out  induction 
has  been  created,  the  right  to  broaden  it  is  absent. 

Note  2.  The  method  of  mathematical  induction  has  been 
analysed  here  for  the  simplest  case.  In  more  complex  cases 
the  formulation  of  Theorems  1  and  2  should  be  modified  cor¬ 
respondingly  . 

Sometimes  the  second  part  of  a  proof  is  based  on  the  truth 
not  only  of  the  statement  n  —  k  but  also  of  /i  =  fe-f-l  .  In 
this  case  the  statement  in  the  first  part  should  be  tested 
for  two  consecutive  values  of  n  (see  Problem  18  below). 

Sometimes  a  statement  is  being  proved  not  for  any  positive 
integer  n ,  but  for  any  integer  n  greater  than  some  positive 
integer  m.  In  this  case, in  the  first  part  of  the  proof  the 
statement  is  tested  for  n  —  m- f- 1  and,  if  necessary,  for 
several  following  values  of  n  (see  Problem  24  below). 


5 

In  concluding  this  chapter  we  must  return  once  again  to 
Example  1,  to  point  out  an  essential  aspect  of  the  method 
of  induction. 

Studying  the  sum 

o  _  1  I  1  ,  .  1 

I.JT  2*3  •"  n(n  +  l) 


for  different  values  of  n  ,  we  calculated  that 

c  _ JL  c  _  2  P  3  c  4 

~  2  *  ** 3* »  68  —  -4-’  = -5- . 

and  this  led  us  to  put  forward  the  hypothesis  that  for  any 
positive  integer  n 


To  verify  the  hypothesis  we  employed  the  method  of  induction. 
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We  were  lucky  in  that  we  expressed  a  hypothesis  which  was 
confirmed.  If  we  had  been  unfortunate  in  our  choice  of  hypo¬ 
thesis  then  the  fallacy  of  it  would  have  been  exposed  in  the 
course  of  the  proof  of  Theorem  2. 


Example  7*  We  know  that 

5»  =  Tr2  +  2T3  +  n{n+  1)  ^  n+T  t1) 

Let  us  suppose  that  after  studying  Sn  we  put  forward  the 
hypothesis 

o  _  n -f-l 

—  3n  +  r  (2) 


For  rt—\  formula  (2)  is  correct.  Let  us  take  it  that 
formula  (2)  is  correct  for  «  =  £,  i.e. 


S* 


*-f-l 
3*+  1  * 


and  then  attempt  to  prove  that  formula  (2)  is  also  correct 
for  /i  =  £4-1  ,  i.e.  that 


'3£  +  4* 


We  have 


S*+i  —  Sk+  (£ -f-  i) -f- 2)  ~~ 
_*+l  ,  1 

3£-hl"t-  (£  +  1)(£  +  2) 


£3  4-  4k-  -j-  8£  4  3 
(*+U(*  +  2)  (3£+l)> 


giving  a  result  for  Sfc+1  which  is  different  from  the  one  we 
expected. 

In  +his  way  it  emerges  that  the  truth  of  the  formula  (2) 
for  /i  =  £-J-l  does  not  follow  from  its  truth  for  n  =  k  .  We 
have  therefore  discovered  that  formula  (2)  is  wrong. 

In  this  way:  in  the  search  for  a  general  law,  the  method 
of  mathematical  induction  allows  us  to  test  any  hypotheses 
which  are  put  forward,  and  so  to  discard  the  wrong  ones, 
and  confirm  the  true  ones. 


CHAPTER  II 


EXAMPLES  AND  EXERCISES 


In  order  to  learn  to  use  the  method  of  induction  it  is 
necessary  to  discuss  a  sufficient  number  of  problems. 

In  this  chapter  there  are  fifty- two  problems.  Of  these 
twenty- two  have  detailed  solutions  in  the  text.  The  remain¬ 
ing  thirty  problems,  which  are  intended  for  independent  work, 
have  solutions  placed  at  the  end  of  the  book. 


1 

Problem  1.  Let  us  write  out  in  order  of  increasing  magni¬ 
tude  the  odd  positive  numbers  1,  3,  5,  7  .  Let  the 

first  of  them  be  ux  ,  the  second  ua,  the  third  u3,  etc.,  that 
is, 

«i  =  1.  «a=3»  «3  =  5»  «4  =  7,  ... 

Let  us  set  ourselves  the  following  task:  to  devise  a  formula 
for  the  odd  number  un ,  expressing  it  in  terms  of  n . 

Solution.  The  first  odd  number  ui  can  be  written 
thus: 

=  l  —  l.  (!) 

The  second  odd  number  u2  can  be  written  thus: 

U2  ass  2  •  2 -  1.  (2) 

The  third  odd  number  a3  can  be  written  thus: 

a3=»  2  •  3  1.  (5) 

If  we  look  carefully  at  equations  (l),  (2)  and  (3)  we  are 
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led  to  the  hypothesis  that  to  obtain  the  /ith  odd  number  un 
it  is  sufficient  to  double  its  suffix  n  and  then  subtract  1; 
that  is,  for  the  /ith  odd  number  we  have  the  formula 

un  =  2n —  1.  (4) 


Let  us  prove  that  this  formula  is  justified. 

Theorem  1.  Equation  (l)  shows  that  formula  (4)  is 
valid  for  n  =  1  . 

Theorem  2.  Let  us  suppose  that  the  formula  is 
valid  for  n **»A,i.e.  that  the  fcth  odd  number  is  of  the  form: 


“  2k  “  1 , 


We  must  now  try  to  prove  that  formula  (4)  is  bound  to  be  valid 
also  for  the  th  odd  number,  i.e.  that  the  (fe-|-l)th 

odd  number  is  of  the  form: 

«*+i“2(*+l)-l, 


or,  that 


«*+!=*  2A+1. 


To  obtain  the  (A-j-l)th  odd  positive  integer  it  is  sufficient 
to  add  2  to  the  Ath  odd  integer,  i.e.  tf*+i==3tf*4-2  •  Our 
condition  is  2k  —  1.  That  means  that 

**+i  =  (2A  — 1)+2  — 2A+1, 

which  was  what  we  set  out  to  prove. 

Answer.  The  «th  odd  positive  integer  is  given  by 
the  formula 


«n  2  n  —  1 


Problem  2:  To  calculate  the  sum  of  the  first  n  odd  whole 
numbers.  Let  us  call  the  required  sum  Sn  ,  i.e. 


Sn  —  1  3  — |-  5  — ...  — (2  n  —  1), 
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In  mathematics  there  are  ready-made  formulae  for  solving 
such  problems.  We  are  interested  in  solving  this  problem 
without  recourse  to  such  a  formula,  but  by  using  the  method 
of  induction. 

For  this  we  must  first  formulate  a  hypothesis,  i.e.  simply 
try  and  guess  the  answer. 

We  give  n  particular  values  1,  2,  5...  until  we  have  col¬ 
lected  enough  material  for  the  basis  of  a  more  or  less 
reliable  hypothesis.  After  this  all  that  remains  is  to  test 
the  hypothesis  by  the  method  of  mathematical  induction. 

We  have 

$,=  1,  S2=4,  $3  =  9,  $4=16,  $6  =  25,  $6  =  36. 


Now  it  all  depends  on  how  observant  the  person  tackling 
the  problem  is,  whether  he  is  able  to  guess  a  general  result 
from  the  particular  ones. 

We  take  it  that  in  this  case  it  is  easy  to  notice  that: 

$,  =  12,  $a  =  22,  $8  =  32,  $4  =  42. 

On  these  grounds  we  can  suppose  that  in  general 

$«  =  *9. 

We  shall  now  prove  that  this  hypothesis  is  the  correct  one. 

Theorem  1.  For  n  —  1  the  sum  is  represented  by  one 

term  equal  to  1.  For  n  =  l  the  expression  n 2  also  equals  1. 

That  means  that,  for  n —  1  ,  the  hypothesis  is  correct. 

Theorem  2.  Let  us  suppose  that  the  hypothesis  is 

correct  for  n  =  k  ,  i  .e  .$*  =  fea,  and  then  prove  that  in  that 
case  the  hypothesis  is  also  correct  for  n  =  k-{- 1  ,  i.e. 


S*+i  =  (*+l)2. 


Now 


•Sjic+i  —  S*  +  (2fc+  0- 
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and.  and  therefore 

S*+i  ~k2-\-  (2k  1)  =  (fc  -J-  l)a, 


which  was  what  we  set  out  to  prove. 

Answer.  The  sum  6f  the  first  n  odd  integers  is 

Sn  =  *2  . 

Problem  5.  Find  un  ,  if  it  is  known  that  ux  =  1  and  that  for 
any  natural  k  >  1 


uk  —  uk~  l  3. 

H  i  n  t;  «,  =  3  •  1  —  2,  =  3-2  —  2. 

Problem  4*  Find  the  sum 

Sn=l  +  2  +  2H  2®+...  +  2--«. 

Hint:  (l)  =  2  —  1 ;  S2  =  22  —  1 ;  S8  =  23 — 1;  or 

(2)  examine  25n  —  5n. 

Problem  b.  Prove  that  the  sum  of  the  first  n  positive 
integers  is  equal  to  —  • 

Solution.  This  problem  differs  from  the  previous 
ones  in  that  it  is  unnecessary  to  make  up  a  hypothesis  since 
one  is  already  given.  It  is  only  necessary  to  prove  that  it 
is  correct. 

Let  the  sum  required  be  Sn  ,  i.e.  let 
5n=l-)-2"-|-3-(- 

Theorem  1.  For  n  —  1,  the  hypothesis  is  correct. 

Theorem  2.  Let 


*(*  + 1) 
2 


Sk=  1  4”2+  . .  •  +6 
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We  shall  show,  that 


^Ar+i 


(A  +  l)(A  +  2) 
2 


This  follows  from 


S>+1  =  S>+  (k + 1)  -  +  (*  + 1)  -  &±lg*-±3. 

Problem  6.  Prove  that  the  sum  of  the  squares  of  the  first 
n  positive  integers  is  equal  to  w(”+  l)(2n  + 1) . 

6 

Problem  7 .  Prove  that  s 

Sn=\  —  22  +  32  —  42+  ...+(—  l)n“1/l2  = 

===(_  ^n-l 

Solution. 

Theorem  1.  For  /z=  1,  the  hypothesis  is  obviously 
correct  since  (-1)°  =  1. 

Theorem  2.  Let 

Sk  =  1  —  22  +  32—  . . .  +  (_  1  f-'k*  =  (-  l)*"1 


To  prove  that 


Sk+1  =  1  —  2«+3=—  . . .  -f-(-  l)k-1fe24-(_  l)*(fe-l-l)2= 

(  1yt(»+l)(*  +  2)^ 


we  note  that 


S*+i  =«*+(— U*  (*+>)*“ 

=  (—l)*-1 +  (—  l)*  (H- 1  )4  =» 

=  (— i)*[(H-i)— j]  (*+»)=(-  i)M— ''j*— -• 


Problem  8.  Prove  that 

l2— j— 32— J— 52— f— . . .  —  l)5  =  !1(2"  —  ')  (?n  -f  D. 

s  3 
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Problem  9.  Prove  that  the  sum  of  the  cubes  of  the  first  n 
positive  integers  is  equal  to  ^  ]*  • 

Problem  10.  Prove  that 

i +*+*>+  •••+*■- -"*17 1 
Problem  11 .  Prove  that 

1  .2+2  •  3+3-4+... +/»(/»+l)  =  "<"  +  »("  +  2). 
Problem  12.  Prove  that 


I*2*  3+2  •  3  •  4-{-3 . 4 . 5-|— . . .  -f— /i  1)  (/i—f— 2)  = 

_n  (n+l)(n-t-2)  (n-f-3) 

4 


Problem  15.  Prove  that 


_J _ | _ ! _ I  i _ 1 _  n 

1*3'  3«5  (2/i —  1)  (2/i  1)  2«  -h  1  * 

Problem  14.  Prove  that 

1*  ,  2*  ,  | _ n*  n(n- f  1) 

1^3  '  3*  5*~" *  ’  *  '  (2n  —  1)  (2/i  -|-  1)  2(2n+l)* 


Problem  15.  Prove  that 

JL_l_L_j — ! _ l  4 _ J - —  -JL . 

l-4~  4-7'7-10~  ,,~  (3/i— 2)(3/i+ 1)  3n  +  1 
Problem  16.  Prove  that 

_L_j _ L_j _ ! _ l  . _ ! _ 

1 • 5  '  5* 9  '  9-  13  '  *  '  '  (4/1  —  3) (4/i  {-1)~  4/i 4-  T 
Problem  17.  Prove  that 

> _ l _ L  ,  1 

«(«  +  >)  "l'  («  +  l)(«  +  2)  "*■•••  T-(fl  +  n_i)(a  +  n)=* 

-  n 
a  (a  -f-  n)  * 
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Problem  18.  Prove  that,  if  «0  =  2,  t>,  =  3,  and.  for  any 
natural  k 


1  =  3**— 2**.,, 


then  vnr=2n-f-l. 

Solution.  For  n  =  0  ,  and  n = 1  ,  the  truth  of  the 
hypothesis  is  a  consequence  of  the  fact  that  2°  +  1  =  2,  21 

+  1  =  5- 

Let  us  suppose  that 


Then 

—  3(2*+l)  —  2  (2*-*+l)  =  2*+i  +  U 

and  the  hypothesis  is  confirmed. 

Problem  19 .  Prove  that 

a»+l— -p»+t 
“»=  » 

if 

a*  —  (3*  a8 —  8s 

Ut  “  a  —  0  '  jjf  “  (a:£P)i 

and  if  for  every  integer  &  >  2 

=  («+P)  «*.i  — 

Problem  20.  The  product  1.2.5  ...  n  is  denoted  by  n\ 
(which  is  read  ’factorial  n1).  It  is  useful  to  remember 
that  11=1,  21  =  2,  3!  =  6,  41  =  24,  51=120  . 

Calculate 

«S„=1  •  U-f-2  •  21-J-3  *31  — J—  •  ••-{-  /t  •  /g| 
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S,  =  1 . 11=1, 

5S=1 . 1 1  — (—  2  •  2!  =  5, 

S8  =  1  •  1 1  -j-  2  •  21  -]-  3  •  31  =  23, 

54=  1*11  +  2  -21  +  3. 31  +  4. 41  =  119. 


Looking  closely  at  these  results  we  observe  that 

6,  =  21—1,  5,  =  31—1,  5,  =  41—  1,  S4  =  5I—  1. 

This  suggests  the  hypothesis: 

=  (fl  -J-  1)!  —  1. 

Let  us  check  this  hypothesis. 

Theorem  1.  For  n  =  1  the  hypothesis  is  correct,  as 

S,  =  1  .  11  =  21  —  1. 

Theorem  2.  Let 


S*=l  •  1 1  — )—  2*2!  — j—  ...  — f—  At  *  ftl  =  (ft  -j—  1)1  —  1. 


To  show  that 

Sk+i  =  1*11  -J—  2-2! -J-  ...  — f- *  •  *1  — }—  (ft -j—  1 )  -  (A— 1)1  = 

=  (*  +  2)!-l, 


we  observe  that 

•S*+1=5*  +  (*  +  l)-(A  +  l)!  = 

=  [(A  -f- 1)1  —  lj  +  (A  +  1) .  (fe  4.  i)! 

=  (A  +  1)![1+(A+1)]-1  = 

=  (ft  +  l)!(A  +  2)  — 1  =  (ft  +  2)1-1. 
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Problem  21 .  Prove  the  identity 


_ 1 

1+* 


-4-— 

1  \+xi 


-JL-+. 

1-f*8  T1  f.r»" 


1  ■ _ 

at—  1  ' 


Problem  22.  It  is  given  that 


a  -f  p  =  m9  ap  =  a,  A, 


m  —  l  ' 


A,  =  rn  - 


v— • 


m  —  1 


rn  —  1 


and  so  on,  that  is,  for  6>1 


^*+1  —  ™ {mzjz\\  a:£p). 


Prove  that 


4 

*  (an  —  pn)  —  (aa_1 —  p4”1)  * 


(1) 


Solution 


Theoreml.  To  begin  with,  we  shall  prove  that  formu¬ 
la  (l)  is  true  for  n==  2.  From  the  given  condition  it  follows 
that 


A2~m 


a 

m  —  1 


(«+» 


«P 

(«  +  P)-l 


a®  -f-  p2  -f-  ot{3  —  a— p 

«+P-l 


According  to  formula  (l) 

_ (a8  ft3)  (aa  —  Pa) 

2 


Dividing  the  top  and  bottom  of  the  latter  fraction  by  a  —  p, 
we  have 


A2 


«  +  p-l. 


which  was  what  we  set  out  to  prove. 
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Theorem  2.  Suppose  that  formula  (l)  is  valid  for 
n  =  k  ,  i.e.  that 


(«* — — («fc-f — ^=57  * 


(2) 


We  shall  prove,  that  in  that  case  it  is  valid  also  for 

«  =  A- (-1,  i.e. 


(a*+a  —  —  (a*+1  — 

*+I  (a*+,-p*+*)_(«*_p»)  * 

Now 

A^  =  m—Tk  or  -4*+1  =  («+P)-J. 

Making  use  of  equation  (2)  we  find  that 


A  _  i  o\  aP  f(a*  —  P*)  —  (a*”1  —  p*  *)] 

A*+ I“(a+P) - (yrn_(Bfc,rt 


__  (a*+*  —  P*+2)  —  (a*+l  —  P*+1) 


so  that  the  theorem  is  proved. 


Problem  25.  Simplify  the  polynomial 

X  ,  x(x—  1)  I  /  , xn  X{x—  — n-t- 1) 

1  1!  “»  2!  l)  nl 

Answer. 


/  ix»  (*— 1)(*  — 2  )...(x  —  n) 
n\  • 


Problem  24.  Prove  that  it  is  possible  to  pay,  without  re¬ 
quiring  change,  any  whole  number  of  roubles,  greater  than  7, 
with  banknotes  of  value  5  roubles  and  5  roubles. 

Solution.  For  8  roubles  the  statement  is  true.  Let 
the  statement  be  true  for  k  roubles  where  ft  is  an  integer 
greater  than  or  equal  to  8. 


Two  cases  are  possibles 
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(a)  k  roubles  being  paid  with  three-rouble  banknotes  only 
and 

(b)  k  roubles  being  paid  with  banknotes  among  which  there 
is  at  least  one  of  value  5  roubles. 

In  case  (a)  there  must  be  not  less  than  three  3“rouble 
notes,  as  in  this  case  fc>8  .  To  pay  fe-f-l  roubles  we 
should  exchange  three  3-rouble  notes  for  two  3-rouble  notes. 

In  the  second  case,  to  pay  k-\-l  roubles,  we  should  ex¬ 
change  one  5-rouble  note  for  two  3-rouble  ones. 

Problem  25.  Prove  that  the  sum  of  the  cubes  of  three 
successive  positive  integers  is  divisible  by  9* 

Solution.  The  sum  Is— {— 23— is  divisible  by  9* 
This  means,  that  the  statement  is  correct  when  the  first  of 
the  three  successive  natural  numbers  is  1. 

Let  the  sum  £3-}-(£+l)3+(&+2)3  f  where  k  is  some  natural 
number,  be  divisible  by  9.  The  sum 

(£-f- 1)3— [— (^  —J—  2)3— )— ( Ac  — 3)3  = 

=  1  )8_|_(*  .4  -2)»]  4-9  <ft2  4-  3ft  4-  3) 

can  be  written  as  the  sum  of  two  terms  each  of  which  is 
divisible  by  9«  It  is  therefore  also  divisible  by  9  and  the 
result  is  established. 

Problem  26.  Prove  that  for  a  whole  n^O 
An=Un+2+\22n+l 


is  divisible  by  I33. 

Problem  27.  /z+1  numbers  are  picked  at  random  from  the 

2/i  integers  1,  2,  . 2 n.  Prove  that  among  the  numbers 

picked  we  can  find  at  least  two,  one  of  which  is  divisible 
by  the  other. 

Solution.  Let  us  suppose,  that  out  of  the  numbers 
1,  2,  . 2//,  where  //>*  2,  we  managed  to  pick  //-f-i  num¬ 

bers  in  such  a  way  that  none  of  them  is  divisible  by  any 
other.  We  shall  denote  the  set  of  all  these  numbers  by 
/Wn+i  .  We  shall  prove  that  in  that  case  it  is  possible  to 
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pick  n  numbers  out  of  the  2 n  —  2  numbers:  1,  2,  . 2 n  —  2* 

such  that  again  none  is  divisible  by  any  other.  Four  cases 
can  arise . 

(a)  iWn+1  contains  neither  2 n  —  1  nor  2n. 

(b)  Mn+1  contains  2n —  1  but  not  2n  • 

(c)  Mn+1  contains  2 n  but  not  2n  —  1. 

(d)  iWn+1  contains  both  2n — 1  and  2n. 

Case  (a):  Let  us  exclude  any  one  number  from  Mn+^  • 
n  numbers  will  remain,  none  of  which  is  greater  than  2 n — 2 . 
None  of  these  numbers  is  divisible  by  any  other. 

Case  (b):  Let  us  exclude  the  number  2n  —  1  from  Afn+1. 
n  numbers  remain,  none  of  which  is  greater  than  2 n  —  2  .  None 
of  these  numbers  is  divisible  by  any  other. 

Case  (c):  Let  us  exclude  2n  from  Afw+1  and  again  we 
obtain  the  same  result. 

Case  (d):  First  of  all  let  us  note  that  Mn+ j  cannot 
contain  the  number  n ,  otherwise  there  would  have  been  two 
numbers  ( 2n  and  n)  one  of  which  is  divisible  by  the  other. 

Let  us  exclude  2n — 1  and  2n  .  We  shall  denote  the  remaining 
set  of  n — 1  numbers  by  iWn-1  .  Let  us  now  join  the  number 
n  to  Mn_1  .  We  obtain  n  numbers,  none  of  which  is  greater 
than  2/i  —  2  .  It  remains  to  show  that  among  these  numbers 
none  is  divisible  by  any  other. 

In  Mn+1  there  were  no  numbers  divisible  one  by  the 
other.  This  means,  that  there  were  no  such  numbers  in  Mn_1 
either.  It  remains  only  to  make  sure  that  no  such  numbers 
appeared  when  n  joined  Afn-1  . 

For  this  purpose  it  is  sufficient  to  make  sure  that: 

(1)  None  of  the  numbers  making  up  Mn_i  is  divisible  by  n 
and 

(2)  the  number  n  is  not  divisible  by  any  of  the  numbers 
in  yWn_,  . 

The  former  follows  from  the  fact  that  none  of  the  numbers 
in  Mn-l  is  greater  than  2n  —  2  .  The  latter  follows  from 
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the  fact  that  2 n  is  indivisible  by  any  of  the  numbers  making 

up  iWn_j. 

Thus,  if  it  supposed  that  the  proposition  is  wrong  for 

the  2 n  numbers  1,  2,  . 2n ,  it  is  also  wrong  for  the 

2(n  —  1)  numbers  1,  2,  . 2 n  —  2.  That  means,  if  the  pro¬ 
position  is  correct  for  the  2{n  —  1)  numbers  1,  2,  . 2n 

—  2  ,  that  it  is  correct  also  for  the  2 n  numbers  1,  2,  . 

2/i. 


For  the  two  numbers  1,  2  the  proposition  is  true.  That 
means,  that  the  proposition  is  true  for  the  2 n  numbers  1,  2, 
. 2/i,  where  /i  is  any  natural  number. 

We  should  note  that  this  problem  has  the  following  simple 
solution.  Let  us  pick  any  n  + 1  numbers  out  of  the  2/i  num¬ 
bers  1,  2,  . 2/i.  Let  us  denote  this  set  of  numbers  by 

Mn+\  • 

We  shall  divide  each  even  number  in  Afn+1  by  such  a  power 
of  2  that  the  quotient  is  odd.  Out  of  these  quotients  and 
odd  numbers  we  shall  make  up  the  set  Afn+1.  In  Afn+i  there 
are  n -f- 1  odd  numbers,  each  of  which  is  less  than  2/z . 

As  there  are,  in  all,  n  positive  odd  numbers  less  than  2 n 
Afn+1  must  contain  at  least  two  equal  numbers.  Let  us  denote 
each  of  these  equal  numbers  by  k  . 

This  result  means  that  in  ;Wn+,  there  were  at  least  two  num¬ 
bers  2 8 ft  and  2*k  .  One  is  divisible  by  the  other. 

Problem  28.  Prove  that  n  various  straight  lines  in  a 
plane,  passing  through  one  point,  divide  the  plane  into  2 n 
parts . 

Problem  29.  Prove  that  n  straight  lines  lying  in  a  plane 
break  up  the  plane  into  parts,  which  it  is  possible  to  paint 
with  black  and  white  paint  in  such  a  way,  that  all  adjacent 
parts  (i.e.  parts  which  have  a  segment  of  a  straight  line 
in  common)  are  painted  in  different  colours. 

2 

Problem  50 «  Prove  that  n  plane  ^  passing  through  one  point 
in  such  a  way  that  no  three  of  them  pass  through  the  same 
straight  line  divide  space  into  An  =  ri(n  — 1)  +  2  parts. 
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Solution,  (l)  One  plane  divides  space  into  2  parts 
and  2  .  For  n=i  ,  the  proposition  is  therefore  correct. 

(2)  Lee  us  suppose  that  the  proposition  is  justified  for 
n  =  k  f  i.e.  k  planes  divide  space  into  k(k — 1)  +  2  parts. 

We  shall  then  prove  that  fc-f-l  planes  divide  space  into 
k(k  +  l)-f2  Parts. 

Let  P  be  the  (fc+l)th  plane.  The  plane  P  is  intersected 
by  each  of  the  first  k  planes  along  some  straight  line.  In 
this  way  the  plane  P  is  divided  into  parts  by  k  different 
straight  lines,  which  pass  through  one  point.  Taking  Pro¬ 
blem  28  as  the  basis  of  our  argument  we  state  that  the  plane 
P  is  broken  up  into  2k  parts,  each  of  which  represents  a 
plane  angle  with  its  apex  at  the  given  point. 

The  first  k  planes  divide  space  into  certain  polyhedral 
angles . 

Some  of  these  polyhedral  angles  are  divided  by  plane  P 
into  two  parts. 

The  common  face  of  two  such  parts  is  a  part  of  the  plane 
limited  by  the  two  rays  along  which  P  intersects  the  faces 
of  the  particular  polyhedral  angle,  i.e.  it  is  one  of  the 
2k  plane  angles  into  which  the  plane  P  was  broken  up. 

This  means  that  the  number  of  polyhedral  angles  which  are 
broken  into  two  parts  by  the  plane  P  cannot  be  greater  than 
2k. 


On  the  other  hand,  each  of  the  2k  parts  into  which  the 
plane  P  is  divided  as  a  result  of  its  intersection  with  the 
first  k  planes  is  a  common  face  of  two  polyhedral  angles 
and  so  it  divides  the  polyhedral  angle  formed  by  the  first 
k  planes  into  two  parts. 

This  means  that  the  number  of  polyhedral  angles  which  are 
broken  into  two  parts  by  the  plane  P  cannot  be  less  than 
2k. 


Thus,  the  plane  P  breaks  up  into  two  parts  exactly  2k 
parts  of  space  formed  by  the  first  k  planes.  If  k  planes, 
therefore,  break  space  up  into  6  (6  —  l)-(-2parts,  then  6-(-l 
planes  break  space  up  into 

[k  (k  —  l)-}-2]-|-26  =  6(6-{~l)4-2 
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parts.  The  proposition  is  therefore  proved. 

Problem  51.  Prove  the  identity 

cos  a  cos  2a  cos  4a ...  cos  2W  a  =  sln2W**a 

2n+1sln  a  * 


Solution,  (l)  For  /i=:0  the  identity  is  true  as 


cos  a 


sin  2a 
2  sin  a  * 


(2)  Suppose  the  identity  to  be  true  for  n  =  k9  i.e. 

cftl  9*+  *  n 

cos  a  cos  2a  ...  cos  2*  a  =  - -. 

2*+1sin  a 

Then  it  is  also  true  for  n  =  k~ f-1  .  For 

cos  a  cos  2a  ...  cos  2*  a  cos  2*+1  a  = 

_ sin  2** 1  a  cos  2k+l  a  sln2k+ia 

2ft+1sina  “  2*+2  sin  a  * 

Problem  52.  Prove  that  /ln  =  cos/i8  ,  if  it  is  given  that 
Ax=c osfl,  Aj  =  cos28  ,  and  for  an  integer  &>2  there 

exists  the  following  relationship 


Ak=  2 cos 


Solution,  (l)  The  proposition  is  true  for  /i  =  l 
and  for  n  =  2  • 

(2)  Let 

^*-9  =  cos  (6  —  2)0,  i4fc-1  =  cos(fe — 1)6. 


Then 


Ak  —  2  cos  6  cos  (k  —  1)6  —  cos  ( k  —  2)  8  =  cos  ArO. 


Problem  55.  Prove  that 


.  n+  1 
sin— I— x 

sinx-f-sin  2x sin /ix  = - - — sin~. 

*in^  1 
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Solution,  (l)  For  «  =  1  the  proposition  is  correct. 


(2)  Let 


Then 


«  ^  “I"  ^ 

sin— T-x  kx 

sin  jc— (— sin  2jc— J— . . .  -{-sin  kx = - — —  sin  -y . 

slnY 


sin  jc— {— sin  2.v— f— ...  — f— sin  Ajc— {— sin  (fe— 1)  JC  = 

I  “4”  1 

sin  — j—  X  . 

«= - sin  -7?-f-sIn  (&4~* 1)  x  = 

slnf 


.  *+l 

sin  — x  . 

2  .  kx 


sin  j 


sln*?+2daL+ixcos'Lp  x=,*!msia>+ix, 

°,a7 


because 


n  k  4*  1  *  x  .  k-V- 2  .  kx 

2  cos  x  sin  y  =  sin  —  jc  —  sin  y 

Problem  54.  Prove  that 

y  4-  cos  x  cos  2  x  4~  • .  •  -j-  cos  nx 


Sin .?«+!  , 


2  sin  - 


Problem  55*  Prove  that 


sin  x-Y  2  sin  2a*  +  3  sin  Sx  +  . . .  +  n  sin  nx  ==» 

(/i  i)  sin  nx  —  n  sin  ( n  -f- 1)  x 


Problem  56.  Prove  that 


.  .  x 

4SJll*y 


cos  ^ -j- 2  cos  •••  +/icos«Jt:=a 

(/t-f  1)  cos  nx~n  cos  ( n  4 1)  *— » 1 


Problem  57*  Prove  that 


4  sin 


|J7 


1  X  .  I  X  .  .1  X 


'-bcot~&~coiX 


(x  zfc  mv). 


Problem  58.  Prove  that 


cor1  3 -f“  cot*1 5  4~  •  •  •  4*  cot"1  (2/i  4“  l)  * 


*  3 


■  i 


n+1 
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Problem  59.  Prove  that 

O  +  O*  =  2^  (cos  ^  +  idn  ?£). 

Solution,  (l)  For  /i  =  l,  the  proposition  is  true, 
as 

J  +/  =  2»  (cos^  +  ism-J). 


(2)  Let 


(1  +  0*  “  V  (cos  +/sln  . 


Then 

a +o*+i= 

=  2T(cos^-  +  i sin  —'j  •  2*  (cos  j-f-/sln-^=. 

=  2^1(Cos<i±i^+,sini*±iiii). 

Problem  40.  Prove  that 

(1/3-/)"=  2"(cosf— /sin  £-). 

Problem  41.  Prove  the  following  theorem. 

If,  as  a  result  of  a  finite  number  of  rational  operations 
(i.e.  addition,  subtraction,  multiplication  and  division) 
carried  out  with  the  complex  numbers  xlt  x2,  . xn  ,  we  obtain 
the  number  u  ,  the  result  of  the  same  operations  carried  out 
with  the  conjugate  complex  numbers  x2,  . xn  will  be  «, 
the  conjugate  of  u  . 

Solution.  We  shall  show,  first  of  all,  that  the 
proposition  is  correct  for  each  of  the  four  operations 
carried  out  with  2  complex  numbers.  Let 

x\  =  a  +  bi,  x2  =  c-\-  di . 

Then 

*4”  x2  =  (a  +  c)  +  (b  -f-  d)  i  =  u ; 
xi  +  *a  =  (a  —  bt)  -f  (c  —  di)  =  («  4.  c)  —  (6  -f  d)  i  =  «. 
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The  proposition  is  verified  in  exactly  the  same  way  for  sub¬ 
traction,  multiplication  and  division. 

Now,  let  us  be  given  some  rational  expression  involving 
complex  numbers  xlt  xa,  . xn  .  The  calculation  of  such  an 
expression  reduces  to  the  carrying  out,  step  by  step,  of  one 
operation  with  two  complex  numbers  at  a  time.  These  opera¬ 
tions  can  be  numbered. 

For  example,  let 


u _  *1*2+  XixA 

+  —  X3* 


To  calculate  u  it  is  sufficient  to  carry  out  the  following 
operations: 


1) 

*1*9  =  «p 

4>  “s  —  *9  =  “*. 

2) 

*8*4  =  «9» 

5)  u,  +  «2=,/s> 

3)  Xj 

+  *2  =  «8» 

6)  :  ut  —  u 

Let  us  suppose  that  the  proposition  is  correct  for  all 
expressions  for  whose  calculation  no  more  than  k  operations 
are  required.  The  term  Operation*  means  here  either  addi¬ 
tion,  subtraction,  multiplication  or  division  of  two 
complex  numbers.  We  shall  show  that,  in  that  case,  the  pro¬ 
position  should  also  be  true  for  expressions  requiring 
operations • 

Indeed,  the  last  (A-f-l)th  operation  was  carried  out  on  the 
numbers  u(  and  Uj  ,  which  themselves  were  calculated  by 
means  of  no  more  than  k  operations. 

As  a  result  of  the  substitution  of  numbers  xl%  xa,  . xn 
by  their  conjugates  the  numbers  ux  and  Uj  are  replaced  by 
the  conjugates  u{  and  uj  and  then  also  the  result  of  the 
(A+l)th  operation  on  tnem,  i.e.  the  number  it, is  replaced  by 
its  conjugate  «  . 

Problem  42.  Prove  that  for  any  positive  integer  n 

(cos  x  +  /  sin  x)n  =  cos  nx-\-l  sin  nx. 
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Problem  45.  Prove  that  for  any  positive  integer  n>  1 

_J _ L_J_.  .  _L>ii 

/i+l  ^ ^  24  * 

Solution.  For  convenience  we  denote  the  left-hand 
side  of  the  equation  by  Sn. 

(1)  Since  59=3-~  =  ii  ,  it  follows  that  for  /i  =  2  the 
inequality  holds. 

(2)  Suppose  that  for  some  A.  We  shall  prove  that 

in  that  case  also  «S*+1>-g -  •  We  have 

“  k  +  1  “f"  k  4-  2  I  '  •  *  H  2k  * 

^*+iE==  a+2  +  a-m  I "•••+ar+ 

1  _ 1 _ , _ 1 

2A+1  “T  2A  +  2  * 


Comparing  $*  with  Sk+1  we  have 


1  .e. 


2A+1  ‘  2A  +  2  A+l  * 


c  0  _  1 

*+l  *  2(A-f-  1)(2A+ 1)  * 

For  any  positive  integer  k  the  right-hand  side  of  the  last 
equation  is  positive.  Therefore  Sk+1  >Sk.  .  But  sh>  — ,  » 

13  ^ 

which  proves  that 

Problem  44.  Find  the  error  in  the  following  proof. 

Proposition.  For  any  positive  integer  n  the 
following  inequality  holds: 

2n  >2/i+l. 

Proof:  Let  the  inequality  be  justified  for  /i  =  6, 
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where  k  is  some  natural  number,  i.e. 

2*  >  2A+1.  (1) 

We  shall  prove  that  then  the  inequality  is  justified  also 
for  ,  i.e. 

2**1>2(H-l)+l.  (2) 

And  really,  2*  is  not  less  than  2  for  any  natural  k  .  Let 
us  add  2*  to  the  left-hand  side  of  the  inequality  (l),  and 
add  2  to  the  right-hand  side  of  that  inequality.  We  obtain 
the  correct  inequality 


2*-f-2*>  2*+l4-2, 


or 


2*+l  >  2  (*— J —  1)— J — 1. 


The  proposition  is  therefore  proved. 

Problem  45.  For  which  natural  n  does  the  following  inequa¬ 
lity  hold  true: 


2n>  2/1+1? 


Problem  46.  For  which  positive  integers  n  is  the  follow¬ 
ing  inequality  valid: 


2n  >  /!*? 


Solution. 

For  n  =  t  the  inequality 
For  2  the  inequality 
For  n = 3  the  inequality 
For  n  =  4  the  inequality 


is 

true, 

as 

2*  >  1*. 

is 

false, 

as 

& 

II 

0* 

c* 

is 

false, 

as 

2*  <  3*. 

is 

false, 

as 

2*  =  4*. 
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For  n  =  5  the  inequality  is  true,  as  26>5a. 

For  n  =  8  the  inequality  is  true,  as  2*  >  62. 

It  would  seem  that  the  inequality  is  true  for  /i  =  l  and 
for  any  n  >  4  •  Let  us  prove  it . 

(1)  For  /i  =  5  the  inequality  holds. 

(2)  Let 

(1) 

where  k  is  some  positive  integer  greater  than  4* 

We  shall  prove  that 


2»*' >(*+!/.  (2) 

We  know  that  2*  >  — f—  1  for  ft  >4  (Problem  45)*  Therefore, 

if  we  add  2*  to  the  left-hand  side  of  the  inequality  and2A-|-l 
to  its  right-hand  side,  we  shall  obtain  the  true  inequality 
(2). 

Answer.  2n>/ia  when  n  =  1  and  when  n  >  4  • 

Problem  47.  Prove  that 

(l-f«)w>l+/ta, 


where  a>  —  1,  a:£0,  /t  is  a  positive  integer  greater  than  1. 

Solution,  (l)  For  /i  =  2,  the  inequality  holds 
(  since  a*  >  0  )  • 

(2)  Let  the  inequality  hold  when  =  where  k  is  some 
positive  integer,  i.e. 

(l-f-a)k  >  l-j-fea.  (l) 

We  shall  show  that  in  that  case  the  inequality  holds  also 
for  /i=sfe-}- 1  ,  i.e.  we  shall  show  that 

(l+<*)*+1>l  +  (ft  +  l)a. 


(2) 
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Indeed,  it  follows  from  the  conditions  of  the  problem  that 
i-H>o  ,  so  that  the  following  inequality  holds: 

(l+a)*+1>(l+ft«)(l+<x),  (3) 

This  inequality  is  obtained  from  (l)  by  multiplying  both 
sides  by  l+«  .  We  can  rewrite  the  inequality  (3)  in  the 
form 


(1  — ^  1  —{—  (A— f—  1)  8—f— 


Neglecting  the  positive  term  fea2  on  the  right-hand  side  we 
find  that  the  inequality  (2)  is  established. 

Problem  48.  Prove  that  for  any  positive  integer  n  >  1 

Tr+W+--,+_^>v^' 

Problem  49*  Prove  that  for  any  positive  integer  n  >  1 

4n  ^  (2n)l 
n+1  ^  (n!)*  * 

Problem  50.  Prove  that 

2—v-m  >(«+*>•.  (1) 

where  «+£><),  a^tb,  and  /1  is  a  positive  integer  greater  than 
unity. 

Solution,  l)  When  n  —  2  ,  the  inequality  (l)  takes 
the  form 


2  ( a 2  -f-  b2)  >  (a  +  b)2.  (  2 ) 

As  a^b  ,  the  following  inequality  holds 

(a  —  b)2 >  0.  (3) 

Adding  (fl -M)2  to  each  side  of  the  inequality  (3)  we  obtain 
the  inequality  (2). 
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Thus,  it  is  proved  that  the  inequality  (l)  is  true  forn  =  2. 

2)  Suppose  that  the  inequality  (l)  holds  for  ti  —  k  where  k 
is  some  positive  integer,  i.e.  suppose  that 


2*-1  (** +  **)>(«  +  *)*, 


(4) 


We  shall  prove  that,  in  that  case,  the  inequality  (l) 
holds  also  for  *-*+»  ,  i.e. 

2*  («*+i  (a  +-*)»+'.  (5) 

Let  us  multiply  both  sides  of  the  inequality  (4)  by  a-\-b. 
Since  it  is  given  that  a  +  £>0  ,  we  obtain  the  following 
correct  inequality: 

2*-i(a*  +  ft*)(a  +  «)>(a-|-A)*+».  ^ 

To  prove  the  truth  of  the  inequality  (5)  it  is  sufficient 
to  show  that 


2  *(«*+>  +  **+').>  2*-i  (a*  +  **)(«  +  b), 
or,  what  is  the  same  thing,  that 

4.06*. 

The  inequality  (8)  can  be  rewritten  in  the  form 

(a*  —  M)(a  —  />)>  0. 

Suppose  that  a>b  •  As,  in  addition  to  that,  it  is  given 
that  o> — b  ,  we  have  a>|£|  and  it  follows  that  ak>bk 
On  the  left-hand  side  of  the  inequality  (9)  we  have  a  product 
of  two  positive  numbers,  which  is,  of  course,  positive. 

If  a<£  ,  using  the  same  arguments,  we  establish  that 
In  this  case  we  have  a  product  of  two  negative 
numbers  on  the  left-hand  side  of  the  inequality  (9) ,  and  this 
too  is  positive. 


(7) 

(8) 

(9) 
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In  both  cases  therefore  the  inequality  (9)  is  valid. 

This  proves,  that  the  truth  of  the  inequality  (l)  for 
n  =  k-\-l  follows  from  its  truth  for  n==k  . 

Problem  51.  Prove  that  for  any  v>0  ,  and  any  positive 
integer  n  the  following  inequality  holds 

^+y.-*+x»-‘  +  ...+^+_L_+-i>„+i.  (1) 

Solution,  la)  For  0=  1  the  inequality  (l)  takes 
the  form 

*+T>2'  (2) 

The  inequality  (2)  stems  from  the  obvious  inequality 

lb)  For  n  =  2  the  inequality  (l)  takes  the  form 

(3) 

The  inequality  (2)  holds  for  any  x>0  .  This  means  that 
it  also  holds  when  x  is  substituted  for  x9,  i.e. 

Adding  1  to  both  sides  of  this  inequality  we  obtain  the  in¬ 
equality  (3). 

2)  Suppose  that  the  inequality  (l)  holds  for  a==ft,  where 
k  is  some  positive  integer,  i.e. 

s+xr*+...+-£T+-L>k+i.  (4) 

We  shall  prove  that,  in  that  case,  the  inequality  (l)  also 
holds  for  »“*  +  2,  i.e. 

****  +  **  +  **”*+  •••+^PT+~*  +  >*  +  3.  (5) 
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Substituting  xk+ 2  for  x  in  the  inequality  (2)  we  get 

**+a+-^T>2-  (6) 

Adding  together  the  left-hand  sides  of  the  inequalities  (4) 
and  (6)  and  then  their  right-hand  sides  we  obtain  the  inequa- 
lity  (5). 

Now,  let  us  sum  up. 

In  the  subsections  la)  and  lb)  we  proved  that  the  inequality 
(l)  is  valid  for  /i=l  and  /i  =  2# 

In  subsection  2)  we  proved  that  the  truth  of  the  inequality 
(l)  for  n  —  k-\- 2  is  a  consequence  of  the  truth  of  that  in¬ 
equality  for  n  —  k  .  In  other  words,  subsection  2)  gives  us 
the  right  to  pass  from  n  =  k  to  /*=*=£-(- 2  . 

The  results  of  subsection  la)  and  2)  gives  us  the  right  to 
state  that  the  inequality  (l)  is  true  for  any  odd  integer 
n .  Exactly  in  the  same  way  the  results  of  subsections  lb) 
and  2)  give  us  the  right  to  state  that  the  inequality  (l)  is 
true  for  any  even  integer  n  .  On  the  whole,  we  can  state 
that  the  inequality  (l)  is  true  for  any  positive  integer  n . 

Problem  52.  Prove  the  following  theorem. 

The  geometric  mean  of  several  positive  numbers  is  not 
greater  than  their  arithmetic  mean,  i.e.  if  ava2>-..tan  are 
positive,  then 


V«  1*2 


*n< 


a\  +  <*2  4- . . .  4- 

n 


(1) 


Solution.  l)  For  n  =  2  the  inequality  (l)  takes 
the  simple  form 

V*Z<*¥*-  (2) 

For  any  positive  ax  and  a2  ,  we  have  the  following  inequality 


(v^ — v^y>o. 


From  which  it  is  easy  to  obtain  inequality  (2). 
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The  inequality  (2)  has  a  simple  geometrical  meaning.  On 
the  straight  line  AB  mark  off  segments  of  length  ax  and  a2 
consecutively.  Using  their  sum  as  a  diameter  describe  a 

circle.  Then  2  is  the  diameter  of  that  circle,  and 

VSa  is  half  the  chord  which  is  perpendicular  to  that  dia¬ 
meter  at  the  point  common  to  and  a2  .  The  inequality  (2) 
states  that  no  chord  of  a  circle  has  a  length  greater  than 
the  diameter. 

2)  Let  us  suppose  that  inequality  (l)  is  true  for  n  =  k  . 


We  shall  prove  that  in  that  case  it  is  true  also  for/i  =  2&. 
This  follows  from 

Vala2  *  •  •  aik  =  ^  Vala2  •••ak'  Vak-t  1  •/  •  a*k  ^ 

k  —————  fc  _____________ 

...  ^ 

•4 - 2 - ^ 

+  «»+••• -Mk  ,  «fc+i-h  ••• -h«2k 
*  ■*  k 


_ flt  -4-  + : : :  +  4-  •  •  •  +  a& 

2k 


The  inequality  (l)  has  been  verified  for  /i  =  2  and  using 
this  last  result  we  can  now  assert  that  it  is  true  for  n  = 
4,  8,  16  and  so  on,  i.e.  in  general  for  /i  =  2*  ,  where  s  is 
a  positive  integer. 

3)  To  establish  the  truth  of  the  inequality  (l)  for  any 
positive  integer  n  ,  we  shall  show  that  it  follows  from  the 
truth  of  the  inequality  for  n  =  k  that  it  is  true  also  for 

/*  =  A —  1  . 

To  do  this,  let  ait  a9,  . . a*_,  denote  positive  numbers. 

Let  A  be  some  positive  number  (for  the  present  unknown). 
Then 


Vaia%  ~ 


gi  +  <h  +  • • •  +  +  * 

k 


We  shall  choose  A  in  such  a  way  that 

•«»  -Miic-i-M  __  ai+^-fr-  4- gfc-i 

k  r=n 
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i.e.  we  shall  make 


l  =  m  4“gfc-i 


We  have 


v 


a^ih  . . .  aje-i  (tfi  -h  » ♦ .  -h  <*k-l) 


... 

^  k^l  * 


or 


Now,  let  m  be  any  natural  number.  If  2*,  then  accord¬ 
ing  to  (2)  the  inequality  holds  for  it.  If  on  the  other  hand 
mzfz2*  ,  we  shall  find  such  an  $,  that  m  is  less  than 
2*,  and  then,  on  the  basis  of  (2)  and  (3)>  we  state  that  the 
inequality  is  correct  for  n  =  m . 


CHAPTER  III 


THE  PROOF  BY  INDUCTION  OF  SOME  THEOREMS  OF 
ELEMENTARY  ALGEBRA 


Theorem  1.  The  square  of  a  polynomial  is  equal  to 
the  sum  of  the  squares  of  all  its  terms  added  to  twice  all 
possible  products  of  the  terms  taken  two  at  a  time,  i.e. 

k+«,  +...+«^-<s+«s+... +«*+ 

+  2(aIa*+a1<»,+  ...4-an.ItfB).  1 

For  «  =  2  the  formula  (l)  can  be  proved  by  direct  multi- 
plication. 

Suppose  that  the  formula  (l)  is  true  for  n  —  k  —  1,  i.e. 
that 


(*!  +  «,+  ..  .+ak-i)*  =  al+al+...+al_x  +  2S, 


where  S  is  the  sum  of  all  possible  products  of  at,  aQ,  .  l9 

taken  two  at  a  time.  We  shall  prove  that 

(fli  -f-  -f* . . .  i  +  ak)2  = 

where  Sj  is  the  sum  of  all  the  possible  products  taken  two  at 
a  time  of  ...»  ak_x,  akt  i.e. 

$1  =  ^  +  (al  +  a2+  •  •  •  +a*-l)afr 

This  follows  from  the  fact  that 

(a,  -{-•••  +  i  +  «*)2  =  I(«i  +  . .  •  +  «fc-i)+«fcl2  = 

=  . . .  +  0*,i)2+2(fli  -+•  . . .  4-flfc-i)tf*  +  afc  = 

=  /iJ+  ...+aJ_1  +  25  +  2(a1+  ...  +ak_t)ak  +  al= 

=  a\+al+...+al+2  S, 
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Theorem  2.  The  flth  term  of  an  arithmetic  progres¬ 
sion  can  be  calculated  according  to  the  formula 

an  “  a\  *4" d {/l — 1)  (l) 

where  at  is  the  first  term  and  d  is  the  common  difference. 
For  /i=l  ,  the  formula  (l)  is  correct. 

Suppose  that  formula  (l)  is  correct  for  n  =  k  ,  i.e. 

ak  =  at  +  d(k—  1) 

Then 

ak+l  =  d  =  a1-{~  d(k —  1 )-{- d  =  a^  +  dk. 


i.e.  formula  (l)  turned  out  to  he  correct  also  for  /*  =  fe  -J—  1  . 

Theorem  3.  The  flth  term  of  a  geometric  progres¬ 
sion  can  he  calculated  according  to  the  formula 


a n  =  *i<ln-\  (1) 

where  ax  is  the  first  term,  and  q  is  the  common  ratio  of  the 
progression. 

For  «==  1  the  formula  (l)  is  correct. 

Let 


Then 


ak+i  =  ahA  =*  ai?** 


Theorem  4«  The  number  of  permutations  of  nt  ele¬ 
ments  can  be  calculated  according  to  the  formula 


Pm  =  m\ 


(1) 
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First  of  all,  we  shall  note,  that  Pt  =  1  and  thus  the 
formula  (l)  is  correct  for  m  =  l . 

Suppose  that  Pk=ak\  We  shall  prove  that 
/>*+1  »(*+!)! 


We  shall  just  take  the  first  k  out  of  the  following  A-f-1 
elements  av  aa,  akt  a*+i  and  form  all  the  possible  permu¬ 
tations  out  of  them.  According  to  the  condition  above,  there 
will  be  kl  such  permutations. 

Into  each  of  these  permutations  we  shall  put  the  element 
ak+i  ♦  consecutively  before  the  1st  element,  before  the  2nd 

. ,  before  the  feth  and  after  the  feth.  In  this  way  we’ 

shall  obtain  fe+1  permutations  of  fe-|-l  elements  out  of  one 
permutation  of  fe  elements.  Altogether  we  have 

fe!(fe+l)  =  (fe+l)! 

permutations  out  of  fe-f-1  elements.  It  is  necessary  to  make 
clear  the  following : 

1)  whether  there  are  any  two  identical  ones  among  the 
(fe  +  1)!  permutations  $ 

2)  whether  we  obtained  all  possible  permutations  of  fe  +  1 
elements. 

1)  Suppose  that  there  are  two  identical  ones  among  the 
(fe  +  l)l  permutations.  Let  us  call  them  pt  and  pa .  In  the 
permutation  pt  let  the  element  ajc+i  occupy  the  5th  place 
counting  from  the  left.  Then  in  p2  the  elements  a*+i  will 
also  occupy  the  5th  place  counting  from  the  left. 

Let  us  remove  the  element  a*+ 1  from  px  and  from  p 2  .  We 
shall  obtain  two  identical  permutations  of  k  elements  -  'pi 
and  fa  .  That  means,  that  to  obtain  px  and  p2  the  element 
a*+ 1  was  put  twice  into  the  same  place  in  the  same  permuta¬ 
tion  of  elements  av  a9,  . ak  .  This  contradicts  the  rule, 
according  to  which  permutations  are  built  up. 

2)  Suppose  that  a  certain  permutation  p  of  k-\-\  elements 
has  not  been  obtained.  Let  element  afc+1  occupy  the  5th 
place  from  the  left  in  p  . 


42 


THE  METHOD  OP  MATHEMATICAL  INDUCTION 


_  Remove  the  element  from  p  .  We  obtain  the  permutation 

p  of  the  first  ft  elements.  This  means  Jbhat  to  obtain  p  it 
was  sufficient  to  take  the  permutation  p  and  put  the  element 
1  into  it  in  such  a  way  that  it  takes  up  the  5  th  position 
from  the  left.  We  could  not  avoid  taking  the  permutation  p, 
as  we  were  taking  all  possible  permutations  of  the  first  ft  ele¬ 
ments.  We  could  not  avoid  putting  the  element  tfft+i  into  the 
position  indicated  as  we  were  putting  it  first,  second,  ... 
and  (ft  +  ljth  from  the  left. 

Thus,  the  permutations  which  we  have  formed  are  all  differ¬ 
ent  and  every  possible  permutation  of  ft-j-1  elements  has  been 
obtained. 

It  follows  from  the  above  that 


/>*+,==  (ft +1)1 


Theorem  5  •  The  number  of  permutations  of  m  elements 
taken  n  at  a  time  can  be  calculated  according  to  the  formula 


=  —  1)  ...  (m  —  »+l).  (l) 

First  of  all  we  shall  note,  that 1  Pm=*m  and  thus  the  formu¬ 
la  (1)  is  true  for  n=  1  .  Suppose  that 

=  —  1)  ...  (m  —  At+1), 

where  k <  m  t  We  shall  prove  that 

*+tPm  =/»(«  —  1)  ...  (m  —  k). 


To  obtain  all  permutations  of  m  elements,  k-\-\  at  a  time, 
it  is  sufficient  to  take  all  permutations  of  m  elements  ft 
at  a  time,  and  add  on  to  each  of  them  every  one  of  the 
remaining  m  —  ft  elements. 

It  is  easy  to  convince  ourselves  that  the  permutations 
of  m  elements, ft  + 1  at  a  time, built  up  in  this  way  are  all 
different,  and,  apart  from  that,  that  every  permutation  of 
m  elements,  k -f-1  at  a  time,  is  present  in  those  obtairted. 


It  turns  out  that 


PROOF  BY  INDUCTION  OF  ELEMENTARY  ALGEBRA  THEOREMS  43 


*  +  lPm  eaa*  Pm  (fit - k)  =  ttl  (ttl - 1)  ...  ( ttl k). 


Theorem  6.  The  number  of  combinations  of  m  elements 
taken  n  at  a  time  can  he  calculated  according  to  the  formula 

m(m—  I)  ...  (m-n-\-  1) 

c»- - nr:.. * - 

First  of  all  we  shall  note  that  jCw*»jh,  and  therefore 
formula  (l)  is  correct  for  n  =  1 . 

Suppose  that 


_ 1)  ...  (/FI  —  k -f-  1 ) 

c*~  r-2 ...  * - 


We  shall  prove  that 

-  *(*—  0  ...  (m  — *4-  l)(m  — *) 

"  1-2  ...  *(A+|) 

To  obtain  all  combinations  of  m  elements  taken  at  a 

time,  we  shall  put  down  all  combinations  of  m  elements  k  at 
a  time  and  add  on  to  each  of  them  as  the  (6-|-l)th  element 
every  one  of  the  remaining  m  —  k  elements. 

It  is  clear  that  in  this  way  all  combinations  of  m  ele¬ 
ments  k+\  at  a  time  will  be  obtained,  but  each  will  be 
obtained  *4-1  times . 

Indeed,  the  combination  av  a9,  ...»  aki  a*+i  is  obtained  by 
joining  the  element  ax  to  the  combination  a2,  a8,  ...,  ak,  ak+ 1, 
by  joining  the  element  a2  to  the  combination  av  a8,  ...,  akf 
ak+ 1  and  so  on,  when,  at  last,  the  element  ak+x  is  joined 
to  the  combination  alt  aQf  ...»  ak  . 

Thus 


i_i-i  ^  m  —  k _ m  (m  —  1)  ...  (m  —  k) 

1-2  ...  A(*+l)  * 


Theorem  7*  Whatever  the  numbers  a  and  b  and  what¬ 
ever  the  positive  integer  n  the  following  formula  holds 
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(a  +  *)”=.an+t»an-,*+...+'cBan-V+...+ 

+  "_,C«!lAn-1  +  *n.  ^ 

(Newton* s  Binomial  Theorem)  .  For  n  =  l  we  have  a -j- b  =  a  *f-  b 
and  in  this  case  the  formula  holds. 

Let 

(a  +  b)k  =  a*  +'c*a*-  lb  +*C*a*_,i*  +...+6*. 

Then 


(a  +  *)*+!  =  (a  +  *)*  (.  +  *)  = 

=  (a  +1C*a*-,A  +...+«*)  (a  +  6)  = 

=  a*+1  +  (1  +‘c*)  akb  +  (b*  +’c*)a*-  ‘*2+  •  •  • 

•  •  •  +  fC*+,+  ,C*)  a*-*,+1  +  . . .  +  *•+». 

Taking  into  consideration  the  fact  that  *Ck  -J-M-ic*  =®+1  C*+1, 
which  is  easily  proved  from  the  expression  for  nCw,  we  get 


(«  +  '=«‘+'  +1Ck+lakb-t!c>c+,ak-'b>+  . . 


CHAPTER  IV 


SOLUTIONS 


Hypothesis 


un  =  3n  —  2. 


1)  For  n— 1  the  hypothesis  is  correct. 

2)  Let 

«*  =  3* -2. 


Then 


uk  h  *  «*  +  3  =*  3*  —  2  +  3  =  3  {k  +  1)  —  2. 


4.  Hypothesis 

Stt«2n-1. 

1)  For  «=*  l  the  hypothesis  is  correct. 

2)  Let 


Then 


j6.  l)  For  n 
2)  Let 


1  the  proposition  is  correct. 
ia  -l-  23  +  32  4-  . . .  +  «  ■■ -  ft-  . 
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Then 


12  +  2,  +  3>+...+*2  +  (*+l)2  = 
“  6 


-  +  (*+l)2 


n(k- H)(»-f  2)  (2* +  3) 
6 


8>.  l)  For  n*=\  the  proposition  is  correct. 
2)  Let 


ia  +  3»  +  55+  ...  +  (2ft  —  I)*  =  — U(2*+  1). 

Then 


l»  +  3i+...+(2ft-l)3+(2*  +  l)a  = 

_  *(2*-l)(2»+l)  +(2*+  ip.  (»  +  1)  (2ft +1)  (2* +3) 
3  3 

2,.  l)  For  n  =  1  the  proposition  is  correct. 

2)  Let 


l»+2’+...  +*’  =  [*ii+i)  j*. 


Then 

l»  +  2«+  ...+*»  +  (*  +  i)8=  AHftjfcJF  +  (*  +  ,)8  = 

(ft  +  lHft  +  2)ja 

10 .  l)  For  /i*=l  the  proposition  is  true. 


2)  Let 


,  jt*+i  —  l 


Then 


1+  jr-f 


**+*-  1 
x  —  1  * 


11 .  l)  For  n  =  1  the  proposition  is  correct 
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2)  Let 


Then 


1. 2  +  2-3+...  +*(*  +  1) 


ft(*  +  l)(*  +  2) 
3 


1  -2  +  2.3+...  +  *(ft+l)  +  (ft  +  l)(A  +  2)  = 

=  +  +  (ft-M)(/fc  +  2)g 

=  (*+.)(*  +  2)  (*  +,)  =  (i±lH*+S(*±3). 


12.  l)  For  n= 1  the  proposition  is  correct. 
2)  Let 


Then 


1-2. 3  +  2-3-44 - +  ft(ft+l)(*  +  2)  = 

.  *(ft+l)(*  +  2)(ft  +  3) 

4 


1.2.3  +  2.3.4+...+*(A+l)(*  +  2)  + 

+  (ft  + 1)  (ft  +  2)  (ft  +  3)  —  *(*+1H*  +  2H*  +  3) 

+  (ft  1)  (ft  +  2)  (ft  +  3)  =  +  2)  (ft  +  3)  (ft  +  4) 

4 


15.  l)  For  n=i  the  proposition  is  correct. 


2)  Let 


Then 


_L  ,  _L,  ,  i _ k_ 

1-3  t3-5  t  r(2ft— 1) (2*  +  1)  2*  +  1  ' 


_i _ 1  ,  1 

1-3  ^3-5  T  ’ • -  ^ (2*— 1) (2*  +  1)  +  (2 A  +  1)  (2ft +5)  ~ 

_  *  | _ 1 _ ft  +  1 

2*  +  1  ^  (2* + 1 )  (2ft  +  3)  -  2*  +  3  ‘ 


14.  l)  For  n  — 1  the  proposition  is  correct. 

2)  Let 

l2  2*  k 2  k  (k  4- n 

iT3+o+---+gft-.)(2ft+ir§feiV 
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Then 


Ji  ,  *  ,  *2 

1  -3 3^5“*”  —  l)(2A-h  1) " 


(*+1)3 


(2*+l)(2*  +  3) 


^kjk+l)  (k+\)*  /u  ,  ,x*(2*  +  3)  + 2(*+1) 

2(2*  +'l)  (2*  H-  l)(2*-*-3>  1  +u  2(2*-f-  1)(2*  -h3) 


f*  +  l)(2*2  +  n*-4-2)  (*  -4-  1 )  (2*H- 1 )  (Ar  -h 2)  (*-f-  1)  (*  -4-  2) 

2(2*+  1>  (2*  +  3)  ”  2(2*+  0(2*  -f  3)  “  2(2*  +  3)  * 


15*  l)  For  n ss  i  ,  the  proposition  is  correct. 

2)  Let 

JL  .  _L»  i _ | _ k 

1  •4’r4*7"t"  **•  ^(3*— 2)(3*+  1)  “3*+  1* 

Then 

J_ .  _i _ 1 _ I  i _ | _ I _ | _ 

1*4~4*7  '  ***  ^(3*  —  2)(3*  + 1)  '  (3*"+  i)(3*  + 4)  ™ 

*  ,  1  ^+1 
3*  +  1  ^  (3*  + 1)(3*  +  4)  **  3*  +  4‘ 


1 6.  l)  For  1  the  proposition  is  correct. 


2)  Let 


Then 


_L  +  _L  + 

1  -5^5-9^ 


_i _ i _ =._  2  , 

*  (4*  —  3)  (4*+l)  4*  r  1  * 


11. 


l-5  +  5-9+  +  (4*  — 3)(4*  +  i)  +  (4*+l)(4*+5) 

*  , _ 1 _ _  *4-1 

4*  -j-  1  (4*  +  1)  (4*-j-o)  4* -1- 5 

1)  For  n= 1  the  proposition  is  correct. 

2)  Let 

_ ! _ .  _ ! _ .  ■  *  _ L  . 

a  (il  +  l)  (a  +  1 )  (a  +  2)  *  *  *  (a  +  *  —  1)  (<7  +  *)  a  {a  +  A)  * 

-  1  .  _ i _  ,  ,  1 

«(*+  1)  (rtf-  I)  +  2)  ^  ^  (*  +  *  —  !)(.j  +  *)  ^ 

-I _ J _  J _ ! _  _ lit—1 _ 

(«t-«Mfl  +  *+l)  +  ^  (fl -r  *H«i  +  *  +  I)""  ^Wf*+  1)* 


Then 
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19 .  l)  For  n  —  1  and  n  — 2  the  proposition  is  correct. 
2)  Let 

a*—  B* 

- a  —  5  '  Uk~'~  a— T* 


Then 


_  8*  a*“*  —  B*”1  a*+  1  —  B*+* 

lZk«(«4.p)--_ - ap - -  £^Tp  • 


21.  l)  For  n  —  0  we  have 

1  1 


[+x  jt  —  I'M  —  jca* 


It  follows  that  the  proposition  is  correct. 
2)  Let 


1 _  ,2,4.  ,2*  1  ,  2*+i 


Then 


1  +  JC 


,  2*+» 

-1  +  !_***+* 


l  +  *3*+l 


2k+i 

r+^- 

1  .  2*+a 

JC  —  1  "t’i_jra*+a* 


25*  For  n«l  we  have 


1 

For  /i«2  we  have 

i  *  .  *(*  — 1) 

11  “*■  21 

For  /t»3  we  have 

,  x  ,  jc  (jr  —  1)  jc(jt— 1)(jt  —  2) 

1  II  21  31  “ 

(x-\)(x  —  2)  X(x-l)(x-2)  (jw  —  1)  (jc— 2) (jt  —  3) 

*2  6  3! 


x 
11  ' 


x—l 

i  • 


■  *  —  1  J  *(*  —  1)  (x  —  \)(x  —  2) 

1  »  O  "  Oi 
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This  leads  us  to  the  hypothesis: 

i  *  .  *(*—1)  ,  ,  lxn  *(*  —  !)...(*  —  n  +  l) 

1,-t-  2,  »  - - - - 

/  n»  —  I)  (x  —  2)...u  —  n) 

K  1  n\ 

l)  For  a  ns  1  the  hypothesis  is  correct. 


2)  Let 

*— n+^^nr21--  +(-i)*£i-r-1> 

-  (—  l)k  i±  ~~  0(-g  — 2) ...  (X—  k) 
ki  • 


Then 


i  — *  ,  x(x-\)  ^Jtx(x-\)...(x-k+  1)  , 

II  '  21  ...  +(-n  - - + 

,i  / _ i  \fr+ i  •*(■*’  0  . . .  (•*  —  k) 

K  ’  (k+\  V 

t _ i\k  (x  ”  0  (x  ”  2) . , ,  (x  —  k) 

v  i;  ’  *j  + 

.  /  n*+ 1  X{X-\)...(X-k) 

'  (*+D!  * 

- (- d^i i£nil <£ -<*-*>  [-^ - ,]  - 

=  ,  n*+l  (*  —  !)(*  — 2),..  (* —  *)(.t —  *  —  1) 

(*  +  l)l 

26 .  l)  For  n»0  the  proposition  is  correct. 

2)  Suppose  that  the  proposition  is  correct  for  n  =  k 
i  .  e .  that 

^«llfc+a+12a*+1 

is  divisible  by  155. 

Then 

Ak+ ,  =  l],*+3+  i23(fc+1>+1  =  ll*+8-f-  I22fc+S* 

«  11  •  11*+2 -f- 144*  122a  +  1  =» 

■=11*1 1*+9  +  133  •  12a*+1  -f  1 1 . 122*+ J  =» 

=  ii  .  (llfc+a-f-  122fr+1)+  133 •  12afc’^1  « 

*=  IM*+  133. 12a*+1 


We  expressed  /l*M  as  a  sum  of  two  terms,  each  of  which  is 
divisible  by  155*  This  means,  that  Ak+i  is  divisible  by 
135. 
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28,  For  n—  1  the  proposition  is  correct  as  one  straight 
line  divides  the  plane  into  2  parts. 

Suppose  k  various  straight  lines  passing  through  the  given 
point  divide  the  plane  into  2k  parts.  Then  the  (*+I)th 
straight  line  passed  through  that  point  will  divide  two  of 
these  parts  into  two  portions  each,  and  thus  the  plane  will 
become  broken  up  into  2(fc+  1)  parts. 

29 .  l)  The  straight  line  Ah  divides  the  plane  p  into  two 
parts  P,  and  P7  .  If  we  paint  Px  white  and  p7  black  we  shall 
satisfy  the  conditions  laid  down.  Thus,  for  n  =  1  the  propo¬ 
sition  is  correct. 

2)  Suppose  the  proposition  to  be  correct  for  n  =  k  and 
the  plane  p-  to  be  painted  in  the  required  manner.  The 
(ft-fl)th  straight  line  CD  divides  the  plane  into  two  por¬ 
tions  (?j  and  Q.2 .  In  Qx  we  shall  retain  the  colours  as  they 
are.  In  Q 2  we  shall  change  white  to  black  and  black  to  white 
throughout . 

Now,  let  o,  and  o,  be  any  neighbouring  areas,  obtained 
after  the  drawing  in  of  the  line  CD  . 

One  of  the  following  cases  is  possibles 

a)  Ox  and  0->  are  on  either  side  of  CD  . 

b)  0|  and  o7  are  both  on  the  same  side  of  CD  . 

In  the  first  case  Ox  and  O*  had  been  contained  in  a  single 
portion  before  drawing  in  CD  but  after  k  lines  were  drawn  in; 
they  had  been  painted  the  same.  Now,  the  one  which  lies  in 
Qi  kept  its  colour,  but  the  one  which  lies  in  Qi  changed  it. 
That  means,  that  in  this  case  Oj  and  Q,  are  painted  a  dif¬ 
ferent  colour. 

In  the  second  case,  after  drawing  the  k  lines,  but  before 
marking  inCD,Oiand  02  were  contained  in  two  separate  neigh¬ 
bouring  areas  bordering  across  one  of  the  first  k  lines. 

That  means  that  at  the  time  0\  and  Ot  were  painted  differ¬ 
ently. 

If  Oi  and  02  lie  in  Qx  then  their  colour  has  not  changed; 
if  they  lie  in  Qa  then  the  colour  of  each  has  changed.  In 
either  case  ut  and  O*  now  differ  in  colour. 
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54.  l)  For  n  —  1  the  proposition  is  correct,  since 


sin 


3* 


2  sin-- 


slnT~K3,n 


3* 


-sin 


0  l 


2sin- 


j  +  COSX 


2)  Let 


y4-  COS4P-+-  cos  2*4- 


4- cos  kx 


sin 


2*4-1 


X 


2  sin 


* 

T 


Then 


y  4-  cos  *  4-  cos2^4-  ...  4-cos**-f  cos(*-fl)jc  — 


2  »in  4- 


+  C0S(*+ !)  x ' 


Oh  -4-  I  y 

sin  — g — x  +  2  9,n  y  cos  + 1)  * 

x 


+( 


sin 


2*  +  3 


jr  — sin 


2*4-1 


2  sin- 


2sin^- 

sln^+3, 

■3  - — — - 

2  sin  — 


55 .  l)  For  zi-bI  the  proposition  is  justified,  since 
2 sin  *  —  sin  2x  2sin*(l  —  cos*) 


4sin*y 


4sina~ 


■  sin*. 


2)  Let 

sin*4-2sin2* 4-  ...  4-*sin**«» 

^  (*4-  l)sin  **  —  *s!n(*4-l)* 


Then 


4  sin 


,  x 


sin *-f  2 sin 2* -f  ...  4-*sin  **4-(*4-i)sin(*4-l)*s 

(*  4*  1 )  sin  **  —  *  sin  ( *  4- 1 )  . 

- - - - — —  4-(*4-l)sm(*4-l)*  = 


4sina-7 


t  (*  4- 1)  sin  **  —  *  sin  (*4- 1)  *4-2(*-f  l)sin  (*  4- 1 )  *(1— cos*) 


4  sin3  ~ 


( * 4- 2) sin  (* 4- 1 ) * 4- (* 4- 1)  sin  kx  2f*4- 1)  cos  *  sin(*4-l)* 


4  sin2  *7^- 


4  sin3  -y- 
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(ft +  2)  sin  (ft  4-  1)  *4- (ft  4-1)  sin  ftx 

,  .  x 
4  sm*  y 

_  (ft  -f-  1 )  fs?n  (ft  4-  2)  X  4-  sin 
4  sin2-— 

m  (ft  4- 2)  sin  (ft  4- l)x  — (ft  4- D  sin  (k  +  2)x 
4  sin2  ~ 

56.  l)  For  n  =■  1  the  proposition  is  true,  since 
2  cos  x  —  cos  2jc  —  1  2  cos  x  —  2  cos-5  x  cos  x  (1  —  cos  x) 

- - - - a  - - -  at  COS  X. 

4  sin2  y  4  sin3  y  2  sin-5  y 


2)  Let 


Then 


cos  *4-2  cos  2x4-. •  .+*  cos  kx  =«  1 1 cos  ft*  —  ft  cos  (ft  4- 1 )  x  —  1  ^ 

4sin2y 


cos  r  4-  2  cos  2x  4- ...  4-  ft  cos  ftx  4-  (ft  4- 1)  cos  (ft  4-  1 )  x  » 

_  (*4“  1)  COS  kx  —  ft  COS  (ft4-  l)x —  I  ,  ,L . 

- - 7  — - h(ft4-l)co:>  (ft-M)x~ 


4  sin2 


»  +  0  cos  ftx —  k  cos  (ft  4-  l)x — 1 


sin2y 


2(ft  4~  1)  COS  (ft  4-  l)x  (1  —  cos  x) 


4  s>in'J  y 


(ft -|- 2)  cos  (ft  4- l)x;4- (ft  4-1)  cos  ftx 
4  sin2  y 

2  (ft  4-  1)  cos  x  cos  (ft  4“  1)  *  4- 1 
4»ln4 

(*  +  2)  cos  (ft +!)*  +  (*  + 1)  cost* 

4sin‘4 


(ft  4-  i )  1  cos  (At  4*  2)  x  4-  cos  kx)  +  \_ 

4sin4  . 

(fr+  2)  cos  (ft  + 1)  x  —  (ft  +  1)  cos  (A  +  2)  x  —  1 

,  .  ■  - * 

4  sin2  y 
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57.  l)  For  »»=1  the  proposition  is  justified  since 


lx  lx  «-*T  1  * 

7  CO,  T  _  cot  x  -  T  cot  y - — - — - -2<“2- 


2t«n-? 


2ta. 


2)  Let 


—  tan—  -1 - t«n—  -f"  •••  “j - ZtmnTL  =*  001  75k —  cot*. 

2  2  2*  2i  1  2*  2*  2*  2* 


Then 


1  *  ,  1  *  .  .1  *  .  1  * 

2  2  ^  2>  2a  ^2*  2*~  2**1  2*+1 

1  jc  1*1  CO'a2^T_l 

^  co«  2*  ~  co,JC  +  ^7T,,n-?7T " -  ~  ' 

2k+l 


+ 


cot- 


- cot*  =  — T— r  cot  ."7  *“  cotJP* 


2*+icol  *  —  2*+I  2*+1 

2^+1 


58*  l)  We  have 


tan(  tan  1  2—  tan"1  1)  s 


2  —  1  1 

1  -f-2*3  3* 


Therefore 


tan" 1  2 —  tan"1  1  =  tan1  -j  =  cot" 1  3. 


This  means  that  for  nm*  1  the  proposition  is  true. 
2)  To  begin  with,  we  shall  show  that 


of 1  (2*  +  3)  =  tan  1  1  !• 


Indeed 
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This  means  that 

tan 1  2*-f-  3  ~  3  cot" 1  +  3)  =  tan  1  ?  —  tan  1  1. 

Suppose  that  the  proposition  is  true  for  n  =  *  ,  i*e. 

cot” 1  3 -j“  cot- 1  5 4-  ...  -f- a cot” 1  +  1)83 

3  *4-1 

*3  tan  1  2  4*  tan  1  y  +  *  •  •  +  tan" 1  "~£ - *  tan  1  1.  ^  ^  J 

We  shall  prove  that,  in  that  case,  it  is  true  also  for  n  = 

*  +  l,  i.e. 

cot 1  3  +  cot” 1  5  4*  cot" 1  (2 k  -f-  3)  — 

r=  tan  1  2  4-  ...  -f-  tar"1  —  (*  +  0  tmfl  *•  (5) 

Adding  up  the  left-hand  sides  of  equalities  (l)  and  (2)  and 
then  their  right-hand  sides  we  obtain  the  equality  (3). 

40.  l)  For  n=  1  the  proposition  is  correct  as 

^J-i  =  2(cos£-isfn£). 

2)  Let 

( VI  —  <)*  =  2*  (cos  y  —  l  sin 

Then 

(/T _0*t,  =  2* (cos £_/ sin  •  2 (cos  {--/sin  {) - 

42.  l)  For  /i  =  l  the  proposition  is  justified. 

2)  Let 


(cos  x  4“  f  Sin  *)*  -a  cos  kx  4-  i  sin  **. 
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Then 


(cua  x  -f-  i sin  jr)**1  a  (cos  kx  -f-  i  sin  kx )  (cos  x  -f-  /  sin  x)  =» 
»  cos  {k  4-  1)  jc  4-  i  sin  ( k  -f- 1)  x. 


44.  The  very  last  phrase  fThe  proposition  is  proved*  is 
fallacious.  What  is  really  proved  is  that  the  inequality 

2n>2/i+  1 

is  true  for  n  =  if  it  is  true  for  where  k  is  any 

natural  number. 

It  does  not  necessarily  follow  from  this  that  this  inequa¬ 
lity  is  justified  at  least  for  one  value  of  n  ,  and  even  less 
for  any  positive  integer  n . 

In  short,  the  mistake  is  this:  that  only  Theorem  2  was 
proved  and  the  Theorem  1  was  not  considered  and  no  basis 
for  induction  was  created.  The  usual  way  to  prove  Theorem  1 
would  be  to  consider  n  —  1  or  /i  =  2  ;  in  both  of  these  cases 
the  proposition  is  false  (but  see  the  next  problem). 


45 .  It  is  easy  to  see  that  3  is  least  natural  value  of 
ft  for  which  the  inequality  2»>2/t-fI  is  true. 

Taking  into  account  that  the  truth  of  the  inequality  for 
/t  =  *4-l  follows  from  its  truth  for  /i  —  ife  (Problem  44)  we 
state  that  the  inequality  is  true  for  any  natural  n>3  . 

48 .  l)  For  2  the  inequality  is  true  for 


2)  Let 


w 


(1) 


We  shall  prove 


that 

J _ I _ ! _ L 

yr+yj+ 


+  -L.+ _ 


>yr+ri. 


(2) 
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For  any  *>0  the  following  inequality  holds 


yr+i-vr. 


(5) 


Indeed,  the  inequality  (3)  is  obtainable  from  the  inequality 

l+l/s^T>' 

by  multiplying  both  sides  by  —  Yk  .  Adding  up  side- 

wise  inequalities  (l)  and  (3)  we  obtain  the  inequality  (2). 


49  •  l)  For  /i«2  the  inequality  takes  the  form  of  -^<6  and, 
therefore,  it  is  correct. 


2)  Let 


where  *>2 .  It  is  easy  to  verify  that  for  k> 0 


4(*  +  l)  ^(2*+l)(2*  +  2) 
*  +  2  ^  (*+!)>  * 


Therefore 


4*  4(*  +  l)  -VM  (2*+l)(2ft+2) 

S"+l  ft  +  2  ^(*!)>  (*  +  «»  * 


that  is 


4*+1  „  (2* +2)1 

*  +  2<  l(*+r)l]*' 


